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ABSTRACT 

A general me' hod of constructing induced transformations in ergodic theory is 
introduced and studied. We show how this new method generalizes the well 
known construction of induced transformations defined by a recurrent trans- 
formation via the first return time to a subset of positive measure. Using our 
method we show a connection between ergodic transformations that  preserve 
an equivalent measure and those that  preserve no equivalent measure. 

1. Introduction 

Induced transformations on subsets A of X by a recurrent transformation T 

defined via the first return time to A under the positive powers of T were first 

discussed in [7]. In the past thirty years induced transformations have been uti- 

lized effectively in constructing numerous examples of ergodic transformations 

of interest in the subject. Examples of weak mixing transformations, ergodic 

measure-preserving transformations defined on an infinite measure space, and 

flows built under a function have been some of the significant outgrowths of the 

notion of induced transformations. They have also been the subject of study 

by a number of authors in the field of ergodic theory. There exists an extensive 

literature in this direction; we cite among these [1], [2], [3], [13], and the ref- 

erences mentioned in these articles where many interesting properties of induced 

transformations and their connection with entropy or spectral theory are in- 
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vestigated. In time it became clear that there was a close connection between 

induced transformations and the notion of a full group associated with a measur- 

able transformation; the behaviour of the orbit structure of a transformation 

was also significant in this connection. 

Until recently however, the original notion of an induced transformation 

could not be utilized in the construction of examples of transformations that 

did not preserve any a-finite measure equivalent to a given measure. Recently 

in [-5] an attempt in this direction was successful and some simple examples were 

exhibited. In this article we continue to study induced transformations in more 

detail. In Section 3 we generalize the notion of induced transformations in a 

manner that encompasses as a special case the well-established notion of induced 

transformations that has been studied and utilized until now. Moreover, the 

general notion of induced transformations by a pair of transformations (T, S) 

that is introduced in Section 3 together with a number of the examples discussed 

there prepare the machinery for a more detailed study of the subject subsequently 

in Section 4. We refer the reader to Section 2 where we list most of the pertinent 

definitions and notations that are used throughout the paper. We also list in that 

section a number of lemmas that are needed later. Lemmas 1 through 8 that we 

have listed in Section 2 have been cited in one form or another in past literature. 

Some of these lemmas are results in the subject of ergodic theory that may be 

termed "well known"; others have been stated and proven by various authors 

at different times. For the sake of completeness we list these results as lemmas 

and include their proofs. After the formal definition of the generalized notion 

of induced transformations by a pair (T, S) and a number of illustrative examples 

in Section 3, we proceed to Section 4. Theorems 1 through 4 of Section 4 are 

new in nature and describe the behaviour of induced transformations and study 

relationships that exist among collections of transformations possessing different 

properties. A few of the corollaries, namely those that follow Theorem 1 and 

Theorem 4, are results that can be deduced easily from the work of W. Krieger 

(see [8], for example.) A recent article by D. N. Nghiem [,14] came to our attention 

while the present work was in preparation; part of the results discussed in Theorem 

4 seems to be mentioned in [14]. Finally, we would like to call attention of the 

reader to the work of D. Maharam [-11], [-12] that seems to be very closely con- 

nected in spirit with our work; it would be of interest to study this connection 

further. 
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2. Definitions and preliminaries 

Let (X, &, m) be a measure space. In what follows, we shall assume that all 

measures mentioned are non-atomic and a-finite, and all sets that are considered 

are measurable either by construction or assumption. For simplicity of notation, 

expressions involving sets or functions will be stated disregarding sets of  measure 

zero. A measure # defined on (X, &) is said to be equivalent to m, /~  ~ m, in 

case/t(A) = 0 if and only if m(A) = 0. Let ~(X) = fg(X, &, m) be the group 

of  all one-to-one, measurable, and non-singular transformations T of X onto 

iteself. A set A of positive measure is said to be a weakly wandering set for a 

transformation T e  ~(X) in case there exists a sequence of integers {nl} such that 

{T"~I} are mutually disjoint, and A is said to be a wandering set for T in case 

the sequence {n~} is the set of all integers Z. For  a transformation T e  f#(X) 

and a point x e X  we denote by Orbs(x) = {T"x] n e Z } .  A subset A of X is 

said to be an S-section for a transformation S �9 ~(X) if for all x e X, Orbs(x ) n A 

consists of a single point. Let N be the set of all positive integers; a transforma- 

tion S e fg(X) is dissipative if X = U .~ z SnA (disj) where A is a wandering 

set for S,  and S is periodic of period n for n e N if for some subset A of  X we 

have X = U o~_i<.S~A (disj) and such that S"x = x for x e A .  We denote by 

~(X)  = {S e ~(X)] S is dissipative}, by ~ . (X)  = { S e ~(X) ] S is periodic of  

period n} for n e N, and by Se(X) = {S e ~(X)[  S admits an S-section}. It 

is clear that if S e ~ (X)  w U .~N~,(X) then S e 6e(X); conversely, we have 

Lemma 1. 

LEMMA 1. Let S e 5e(X); then there exists a decomposition of X = X~o 

U U.~NX.(dis j )  such that 

~Soox for x e Xoo 
Sx 

( S . x  for x e X , ,  ne  N,  

where S. e ~.(X.)  and S~ e ~(X| 

PROOF. Let S ESP(X) and let A be an S-section. For  n e N we let 

A. = {x AIS"x A, and S~xr for 0 <  i < n }  and Ao~ = {x Als"xca for 

all n e N}. It is clear then that X.  = U o~,<,S~A. (disj) and Xo~ = U ~ zSiA| 

(disj) gives the desired decomposition and completes the proof. 
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LEMMA 2. Let ~" ~ fg(X) be a group of transformations. Then the follow- 

ing two conditions are equivalent: 

(a) re(A)>0 and TA = A for all T ~  implies r e ( X - A ) =  O. 

(b) re(A) > 0 and re(B) > 0 implies that there exists TEJ~' such that 

m(TA ~ B) > O. 

PROOF. It is obvious that (b) implies (a). 

Conversely, without loss of generality we may assume that re(X) < oo. Suppose 

(b) does not hold. Then there exist two subsets A and B of X of positive measure 

such that m ( T A A B ) = O  for all T ~ .  We let ~ =  { C ~ X I A c C  and 

m(TC r iB)  = 0 for all T e W } ,  and we let a = SUpc~,m(C). Then there exists 

an increasing sequence of sets {CnET, n E N} such that limn-,oom(C~) = a .  We 

let A* = Un~NC~. It is clear that A * ~ A ,  m(TA* n B )  = 0 for all T e s / z ,  

and m(A*) = a. In case T' A* r A* for some T '  c ~vf, there exists T" ~ ~" such 

that C' = A * u T " A *  and m(C ' )>a .  T h e n C ' ~ A a n d m ( T C '  AB) = 0  for 

all T~ 5/t~ therefore, C' E c~. This is a contradiction, which implies that TA* = A* 

for all T e  a%Z. But this gives a contradiction to (a) and completes the proof. 

For  a subset 3" of fg(X) we shall say that f is ergodic if the group generated 

by 3-  satisfies either condition (a) or condition (b) of  Lemma 2. Since (X, ~ ,  m) 

is non-atomic it follows that if Te  fg(X) is ergodic, then for any two subsets A 

and B of  X of  positive measure there exists a positive integer n e N such that 

m(TnA n B) > 0. We denote by o*(X) = {T~ fg(X) [ Tis ergodic}. It follows that 

g(X) = ~ (X) u gn(X)  u 6*n1(X) (disj), where ~I(X) = {T~ g(X) I Tpreserves 

a measure # ~ m with #(X) = 1}, o~ii(X) = { T ~ g ( X ) ] T  preserves a measure 

# ~ m with p(X)=  oo}, and g n x ( X ) =  {T~o~(X)[ T preserves no measure 

/t ,-, m}. 

For  a subset A of X of  positive measure we denote by (A, g a ,  m) the induced 

measure space on A, where gA = all measurable subsets of  A, and m is the 

restriction on (A, &a) of  the measure m given on (X, &).  Let T~  fg(X) be a re- 

current transformation; that is, for every subset B of X of  positive measure and 

for almost all x ~ B we have T"x ~ B for some n E N .  We denote by Ta the in- 

duced transformation on the subset A of X by T;  namely, TA is defined by the 

first return time to A under the transformation T,  in other words, Tax = Tnx 

for x E A where n is the smallest positive integer such that T"x ~ A.  We denote 

the full group of T by IT]  = {S ~ fg(X) [ Sx = T"x for all x e X where n = n(x) 

e Z} .  We also consider the positive elements of  the full group of  T ;  namely, 
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IT]  + = (S ~ f#(X) [ Sx  = T"x for all x E X where n = n(x) ~ N } .  For any two 

subsets A and B of X we say A ~ B by T if there exists a decomposition 

A = U ,~NA.(disj) such that B = U .~NTk 'A, (d is j )  for some sequence of  in- 

tegers {k,}. In the following Lemma 3 we list some of  the basic properties of  

induced transformations as defined above. 

LEMMA 3. Let T~f#(X)  be a recurrent transformation, and let T a be the 

induced transformation by T on a subset A of X of  positive measure. Then 

(a) T a ~ Cg(A); 

(b) i f  we let Tax = x for  x ~ X - A  then T A r  

(c) for two subsets C and D of  A if  T~ C = D  for  some n ~ N then C ~  D by T. 

I f  we fur ther  assume that X = U , ~ N T ~ A ,  then 

(d) T ~ ( X )  i f  and only i f  TAEd'(A); 

(e) T preserves a measure lz "~ m on ( X , ~ )  i f  and only i f  T a preserves a 

measure It ~ m on (A,&a).  

PROOF. Follows from the definitions. 

LEMMA 

measure. 

for  each 

PROOF. 

where nl 

4. Let T e  r  and let A and B be two subsets of X of positive 

Then there exists a decomposition of  A = UleNAi(disj) such that 

i ~ N we have T"'A i c B for  some integer n~. 

Since T i s  ergodic we have A c U ~NT~B.  We let At = A n T -"~ B 

is the smallest positive integer such that m(A n T-" IB)  > 0.  Next we 

define A i for i > 1 inductively by Ai = (A - U l<_k<iak) 0 T-" 'B  where ni is 

the smallest positive integer such that m[(A - U l<k<~Ak)n T-"~B] > 0, and 

this completes the proof  of the lemma. 

By a slight modification of  the proof  of  Lemma 4 we obtain Lemma 5 whose 

proof  we omit. (See also [4, Lem. 6].) 

LEMMA 5. Let Teo~(X) ,  and let A and B be two subsets of X of  positive 

measure. Then A ,,, B' by T fo r  some B' ~ B ,  or B ,,, A '  by T for  some A '  = A .  

COROLLARY. Let T~  @(X), and let bt ,., m on (X, ~ )  be an invariant measure 

for  T. Then for  any two sets A and B with #(A) = #(B) we have A ,,~ B by T. 

PROOF. In case/ffA) = p(B) < co the proof  follows from Lemma 5 and the 

fact that # is an invariant measure for T. In case/~(A) = #(B) = c~, then since 

~t is a-finite, we decompose A = U n~NAn(disj) and B = U ,~NB. (disj) such 
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that #(An) = p(Bn) = 1 for n e N. It follows that An '~ B, for n e N, and this 

completes the proof. 

LEMMA 6. Let Te~' I I I (X);  then for  any set A c X  of  positive measure 

we have A ,,~ X by T. Hence A ,,, B by T for  any two sets A and B of  positive 

measure. 

PROOF. We assume that B = X -  A has positive measure. Let Ta be the 

induced transformation by T on the set A. From Lemma 3 part (e) follows 

that Ta does not preserve any measure # ~ m on (A,~a) .  From [6, Th. 1] 

follows that Ta admits a weakly wandering set W c A. In other words, there 

exists a set W c A such that re(W) > 0 and 

(1) A D U ,~NT,~'W (disj). 

Next we let Tw be the induced transformation by T on the set W. Again it fol- 

lows that there exists a set V c W such that re(V) > 0 and 

(2) W =  U ,~NTq'V (disj). 

From Lemma 4 follows that 

(3) B = U i~NBi(disj) and T'~B~ ~ V f o r  i e N .  

From (2), (3), and part (c) of Lemma 3 follows that there exists a set E ~ W 

such that B ,-~E; where E = U ~NT~,'(Tn'B~) (disj). We also have from (1) 

that E ~ E~ for i ~ N, where E, = T,~'E ~ T~' W. It follows that if F = E U 

U t~ NE~(disj), then F ,~ F - E by T. Finally, we have 

X = B L ) F u ( A - F ) , ' ~ E u ( F - E ) u ( A - F ) = A  

by T, and this completes the proof. 

COROLLARY. Let T e 8 n t ( X  ), and let C be a subset of X of positive measure. Sup- 

pose C = [.J o~i<nAi(disj) for  some n ~ N,  where m(Ai) > O forO <= i < n. Then 

there exists a transformation S ~ IT]  with S e Pn(C) such that SA i = A i +  l (modn  ) 

and S x =  x for  x e X - C .  

PROOF. For  each i with 0 ~ i < n it follows from Lemma 6 that A~ ~ A~+ t 

by T. This defines a transformation S: A~ - ,  A~+I where Sx  = T k x ,  lg -~ k(x) ~ Z, 
and x e A~ . If  we let Sx = S-nx  for x e A,_  t and Sx = x for x ~ X - C,  it fol- 

lows that S e IT]  and S ~ ~ ( C ) ;  and this completes the proof. 



Vol. 18, 1974 ORBITS AND SECTIONS 103 

For  a transformation T~ ~(X) and a measure #--, m on (X, ~ )  we denote 

by # T  the measure defined on ( X , ~ )  by (#T)(A) = #(TA) for all A ~ .  For 

two measures/a and v with/.t ~ v on (X, ~ )  and for x e X we denote by (dr/d/a) (x) 

the Radon-Nikodym derivative of  v with respect to # evaluated at x .  Let R 

be the set of  all real numbers; we shall say that the measure v is piecewise linear 

with respect to the measure # in case X = U ~AA~(disj) where A~ = { x ~ X [  

(dv/d#) (x) = e} for all e c R and A = {e e R ]/~(A~) > 0}. 

LEMMA 7. Let T e  ff(X) and let ~r176 = {Q e [T]  [#Q = #} be an ergodic 

set for some measure #,. .  m on ( X , g ) .  Then there exists an eraodic trans- 

formation V e [ T ]  + such that [V] = J~f'(#). 

PROOF. Let B = {xeXl (d (#T" ) /d# ) (x  ) # 1 for all n~  N}.  For  x s B  and 

Q~r162 with Qx # x we have Q x =  T k where k =  k(x) < 0, and 

x = Q- t(Qx) = Ti(Qx) where j = - k = - k(x) > 0; which implies that Qx ~ B. 

In case re(B) > 0, let C and D be two subsets of  B of  positive measure. I t  follows 

that m(QC c~ D) = 0 for any Q e ~r This contradicts the ergodicity of  dee~ 

and shows that re(B) = 0. Therefore, for almost all x e X we define Vx = T 'x  

where n = n(x) > 0 is the smallest positive integer such that (d(#T')/d#) (x) = 1. 

It  follows that Ve [T]  + and [V] = ~ ( # ) ,  and this completes the proof. 

For  a transformation T e  N(x) and a measure # ~ m on (X, ~ )  suppose that 

the measure # T  is piecewise linear with respect to # .  We shall denote by A(#) 

the multiplicative group generated by A where A = {e~ 0} and 

A,  = (x~X](d(#T) /d#) (x )  = ~} for ~ R .  

LEMMA 8. Let T e  gtH(X)  and let Ve  I T ]  + such that V is ergodic and pre- 

serves a measure # ~ m on (X, Y)). I f  #T  is piecewise linear with respect to # 

then for almost all x e X we have A = {(d(t~T")/d#)(x)ln ~ N} where A = A~)  

is the multiplicative 9roup described above. 

PROOF. We consider the set of  real numbers A and the sets A, for ~ e R as 

described above. We denote by /k the set of  all real numbers fl ~ R such that 

#{x ~ X ] (d(#T")/d#) (x) = fl} > 0 for some positive integer n ~ N .  For  fl ~ J~ 

let n = n(fl)~ N be the smallest positive integer such that the set 

(4) Ap., = {x e X ] (d(~T")/d#) (x) = fl) 

has positive measure. For  fl ~ ~ and x ~ Aa., we have 
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(5)  # = (x)  = �9 r " -  x )  . . . . .  (x)  

= ( i i 0 ~ 2 " ' ( l  n ,  

where ~ = (d(I.tT)/dlO(T"-~x)EA for 1 < i < n.  We conclude from (4) and 

(5) that A = ~  D A. Next we let f l ,?EA;  then there exist integers i , j ~  N such 

that g(Aa, 3 > 0 and # ( A m ) >  0. Since V E [T]  + is an ergodic transformation, 

there exists a positive integer k > i - j  such that i~(V-kAp., n A r d  ) > 0; there 

also exists a positive integer p > k and a subset Bp.~ of  Aa, ~ such that 

I.t(V-kBII,~cIAr,j) > 0 and vkx=TPx for all x~  V-kBa.i .  We let C = TY(V-kBp,i 

r3 Ard); then # ( C ) >  0, and for x ~ C we have 

d(/~-~p J) (x) = ~-1 since x ~ TJA~, d , (6)  

d(l~vk) ( T - i x )  = 1 since btV = # ,  
(7) d# 

d(l~Ti) ( V k T - J x )  = fl since VkT-Jx~Ba.~,  and (8) d# 

(9) Vk(T-Yx) = T p (T  - ix )  since T -~ ~ V -g x Ba. i . 

Therefore, for x s C we have from (6), (7), (8), and (9) 

d(gTi+P-J) (x) = ~ ( V k T - J x ) "  ( T - i x )  �9 (x) = f l~-t ,  
dg d# 

and this implies that ,~ is a group which proves that ~ = A. 

Next we let N = X - [3 ~ A  [3 q~NV-qAa.k �9 Since A is countable and V is 

ergodic it follows that/~(N) = 0. Let x ~ X  - T - i N  and 6~A;  then x ~ A ,  for 

some a r A.  We let 6' = 6(i- 1 r A. It follows that VqTx ~ Av,  *, for some q > 0. 

Then 

d(#Tk') T x )  "d(~ v~) (Tx) .d( l tT)  (x) 6'(i 6; d(~rk 'V~T)(x  ) = ~ ( V  ~ = = 
d# dtz atz a~ 

and this completes the proof  of the lemma. 

3. A general definition of induced transformations 

LEMMA 9. Let S ~ ~ ( X )  and let A be an S-section. A subset B of X is an 

S-section i f  and only i f  there exists an S'  ~ IS] such that S 'A  = B; moreover, 

i f for  some S" ~ [S] S"A = B ,  then S 'x  = S"x for  all  x ~ A .  
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PROOF. Follows from the definitions. 

For  T E ~(X) and S ES:(X) let A be an S-section such that T-1A  is again 

an S-section. Let (A, ~a ,  m) be the induced measure space on A, then using 

Lemma 9 we define for x E A, 

(11) Rx = TS 'x  where S '~  [S] and S ' : A  ~ T - I A .  

It is clear that such an R is uniquely defined on the measure space (A, 9~a, m); 

in fact, R ~ ~(A).  

DEFINITION 1. For T~ fr and S ~ 6:(X) let A be an S-section such that 

T-1A is again an S-section. The transformation R ~ fr defined by (11) is said 

to be the transformation induced by the pair (T, S) on the S-section A. 

In the special cases, as given in Example 1, the above definition gives rise to 

what is generally referred to in the literature as the induced transformation TA 

as defined in the preceding section. 

EXAMPLE 1. Let Tefr  be a recurrent transformation, and let A be a sub- 

set of X of  positive measure. For  n e N we let A n = {x ~ A I Tnx ~ A and Tix q~ A 

for 0 < i < n}, and let Xn = U o<_i<,TiAn(disj). It is clear that X = (.J ,,~NXn 

(disj). Next we define 

~ Tx if x~TiAn for 0 <  i < n - 1 ,  n ~ N  

Sx = (T-Cn-1)x if  x ~ T n - l A n  for n~ N .  

It  follows that S E [ T ] ,  S ~ 6: (X) ,  and A is an S-section such that T -  1A is again 

an S-section. Therefore, we can define the transformation TA induced by the 

pair (T, S) on the S-section A; namely, TAx = TS 'x  for x ~ A, where S' ~ [S] and 

S ' : A  ~ T - I A .  

Other properties of  the transformations T A constructed as in Example 1 have 

been investigated extensively in the literature; see [1], [2], [3], [7], and [13]. 

Lemma 10 enables us to obtain a whole new collection of examples somewhat 

different from the ones mentioned up to now. 

LEMMA 10. Let T~fr and S ~ ( X ) ,  then the following conditions are 

equivalent: 

(a) T[S] = IS ]T ;  

(b) r maps Orbs(x ) onto Orb s (Tx) for every x e X ;  

(c) .4 is an S-section if and only if  T -1A  is an S-section. 
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PROOF. Follows from the definitions. 

EXAMPLE 2. Let T~t (X) ,  S ~ ( X ) ,  and suppose T[S] = [SIT. Therefore, 

according to Lemma 10, for any S-section A we can define the transformation 

R c i (A)  induced bt the pair (T, S) on A. Namely, Rx = TS'x for x ~ A ,  where 

S' c[S] and S' :  A -~ T-1A.  

The study of such transformations was started in [5] where a concrete example 

was presented. In the following discussion we shall study them further. At this 

point however, we introduce another related construction which in a sense is 

the converse of the notion of an induced transformation R c i (A)  by a pair 

(T, S) on an S-section A. The following construction, in the special cases, cor- 

responds to what is generally referred to in the literature as building up a trans- 

formation by the stacking or skyscraper construction. (See [3], [7].) 

DEFINITION 2. Let (,4, ~,~, rn) be a measure space, and let R ~ fg(A). We shall 

say that a pair (T, S) of transformations defined on a measure space (X, ~ ,  m) 

is a pair built up on the transformation R ~ if(A) in case (X, ~ ,  m) 

induces the measure space (A, ~a, m) on the subset A of X,  T~ if(X), S ~ SP(X), 

A is an S-section while T-~A is again an S-section, and the transformation 

induced by the pair (T, S) on the S-section A, according to Definition 1, is the 

given transformation R ~ if(A). 

Given a measure space (A, ~ ,  m) and a transformation R E if(A) we shall con- 

struct in the sequel pairs (T, S) of transformations on a measure space (X, ~ ,  m) 

built up on the transformation R ~ if(A). Such a construction is not unique. 

The different methods of constructing them however, produce a number of inter- 

esting examples. Moreover, such a construction enables us to study properties 

of a given transformation R E if(A) in a different setting. In some cases, as seen 

in the following section, we are able to describe properties of a given transforma- 

tion R eft(A) by a "somewhat well-behaved" pair of transformations (T,S) 

built up on the transformation R ~ if(A). 

EXAMPLE 3. Let (A,~a ,m)  be a measure space, and let R~ff(A). Let 

A = 1 .3 .~A .  (disj) be a decomposition of A. For n c  N we let X.--- 

1.3 o_<i.:. (A., i)(disj) where (A..0) = An and (A n,/) is an isomorphic copy of A. 

for 0 < i < n .  For e a c h n e N ,  0 < i < n ,  a n d x = ( y , i )  c X .  wele t  P.(y,i)= 

(y, i + l(mod n)) where y c A..  Next we form the measure space (X, &, m) where 

X = [.J .~NX.(disj); & ---- a-field generated by all sets of the form (B, i) c (An, i) 



Vol. 18, 1974 ORBITS AND SECTIONS 107 

for B = As, 0 < i < n,  n c N;  and m is the extension to (X, &) of the measure 

m defined on (A,9~a); namely, m[(B,i)] = re(B) for (B , i )=(A~ , i ) ,  B = A ~ ,  

0 ~  i < n ,  a n d n ~ N .  F o r x e X  n , n ~  N, w e l e t S x = P n x .  We also extend R 

to X by letting Rx = x for x e X ,  A. Finally, we define T on X by Tx = R Sx 

for x E X. It is clear that S E SP(X), A is an S-section while T - I A  is again an 

S-section; and the transformation induced on the S-section A by the pair (T, S) 

is the given transformation R e if(A). Therefore, the pair (T, S) of transformations 

defined on (X, 9~, m) is a pair built up on the transformation R ~ t ( A ) .  

Transformations T obtained as in Example 3 on the measure space (X, &, m) 

are the ones usually referred to in the literature as those built up from the trans- 

formation R on top of the set A via the skyscraper or stacking method. Ordinarily, 

the transformation S as described in Example 3 is suppressed in the literature 

when similar constructions are discussed. 

In Example 4 we construct, by our method, pairs (T, S) of transformations 

on a measure space (X, 8 ,  m) built up on a transformation R ~ t (A)  which are 

different from the ones constructed by the skyscraper or stacking method. In what 

follows we shall study in more detail the behaviour of transformations constructed 

as in Example 4. 

EXAMPLE 4. Let (A, ~a ,  m) be a measure space and let R ~ if(A). We consider 

the measure space (X, 8 ,  m) where X = U n ~z(A, n), & is the a-field generated 

by all sets of the form (B, n) for B = A and n ~ Z, and m is the extension to 

(X, ~ )  of the measure m defined on (A, ~a) ;  namely, m[(B, n)] = m(B) for B c A 

and n e Z .  We identify (A, O) with A. For x = (y, n) c X we define Sx = (y, n + 1) 

and /~x = (Ry, n) where y E A and n E Z .  Finally, we let J -  = /~[S]. It is clear 

that S E ~ ( X ) ,  A is an S-section, T[S] = [S]T for any T ~ ' ,  and the trans- 

formation induced by the pair (T, S) for any T~ Y on the S-section A is equal to 

the given transformation R e t ( A ) .  In other words, for any T~ ~-- the pair of 

transformations (T, S) defined on the measure space (X, 8 ,  m) is a pair built 

up on the transformation R e t ( A ) .  

4. Main results 

THEOREM 1. Let ( X , ~ , m )  be a measure space and let T ~ I I I ( X  ). Let 

R ~ r where A = X with 0 < re(A) < re(X), and let Rx  = x for x ~ X - A .  

Then there exist two transformations Sx, $2 ~ IT]  such that R S ,  = T 1 E e i ( X  ) 

and R $2 = T2 e ~II(X).  Furthermore, for  each i = I, 2,  A is an St-section while 
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Ti-IA is again an S~-section; and the transformation induced by the pair (T~, Si) 

on the S~-section A is the given transformation R ~ I ( A  ). 

PROOF. Let/~ ~ m be the invariant measure for R ~ #I(A) defined on (A, ~a )  

with/~(A) = 1, and let B = X - A. Since T~ #ix1(X), m(A) > 0, and re(B) > O, 

by the corollary to Lemma 6 there exists a transformation S 1 ~ [T]  such that 

S 1 ~ 2 ( X )  and SxA = B. For C E g  we let/~(C) = I~(CnA) + p[S'~l(Cn B)]. 

It follows that RS1 = T1 ~ #I(X) with # ,,~ m on (X, ~ )  as the finite invariant 

measure for T1. 

Next we decompose A = U,~NA,(d i s j )  with # ( A , ) > 0  for n~ N and 

]~ l_<_..<~np(A.) = oo. We decompose B = U 2<n<o o U l__<i<.B..i (disj) such 

that #(B.,i) > 0 for 0 < i < n and n > 1. We let C~ = A~ and C. = A. U U 1_~<. 

B.,i (disj) for n > 1. Since TEo~ItI(X), by the corollary to Lemma 6 

there exists a transformation $2 e [T]  such that $2 ~ ~. (C.)  for n ~ N,  and 

such that $2A1 = At ,  for n > l  we have S2A. = B.a,  S2B.,~ = B.,~+~ for 

0 < i < n - l ,  and $2B..._1 =A. .  For C r  we let # 2 ( C ) = # ( C n A ) +  

]~2__<.<o~ ~1-<~<,, p[S2 ~ (C NB.,i)]. It follows that R S  2 = T2Eoz11(X) with 

#2 ~ m on (X, &) as the infinite invariant measure for T2. The remaining part of 

the theorem is then clear from the construction, and this completes the proof. 

COROLLARY. Let Te o~HI(X) and let # ..~ m on (X, ~ )  be an invariant measure 

for an ergodic transformation Ve [ T ] .  Then there exist two transformations 

Ti, T2 e [T]  such that T 1 ~ t ( X )  and T 2 ~ I I ( X ) .  

PROOF. Let # ,-~ m on (X, ~ )  be an invariant measure for an  ergodic trans- 

formation V~ [ T ] .  Let A be a subset of  X with 0 </~(A) < ~o, and let V a be 

the induced transformation by V on the subset A. We extend Va to X by letting 

Vax = x for x ~ X - A. Then V a ~ [T]  and Va ~ d~ By Theorem 1 there 

exist two transformations Sx, $2 e IT]  such that 7"1 = VA S~ e g ,  (X) and 

Tz = VaSz ~ gH(X).  It is clear that Tx, Tz ~ I T ] ,  and this completes the proof. 

THEOREM 2. Let Tefg(X) and S e ~ ( X )  such that T[S] = [S]T. For an 

S-section A ~ X let R be the transformation induced by the pair (T,S) on A; 

namely, Rx = TS 'x  for x ~ A  where S ' e [S]  and S': A ~ T-~A.  We let 

of = T[S], then 

(a) J "  = { T ' ~ f f ( X ) [  T'[S] = [ S ] T ' ,  and the transformation induced by 

the pair (T ' ,S)  on the S-section A equals the transformation R~_fg(A)}; 

(b) R is ergodic on (A, Na,m) if and only if ~- is eroodic on (X,&, m); 
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(c) there exists a measure It ,,~ m on (A, ~ a )  and invariant for R if  and only 

i f  there exists a measure # ,,~ m on (X, ~ )  and invariant for 3". 

PROOF. Part (a) follows from the definitions. Suppose R is ergodic on (A, ~a ,m) ,  

and let C and D be two subsets of  X of positive measure. Then there exist 

Sx, $2 ~ IS]  such that the sets C'  = S x C n  A and D'  = S2D n A have positive 

measure. It  follows that R"C' n D' has positive measure for some positive integer 

n.  From the definition of R and the properties of  S and T we have 

R"C' N D' c T"S, S1C n S2D = $ 2 ( $ 2 1 T " S ,  SxC ~ D) = S2(TnS~C 0 D) 

for some S,, S', ~ IS ] .  This shows that T"S'C n D has positive measure and 

proves that J is ergodic on (X, ~ ,  m).  Conversely, suppose that 9-" is ergodic 

on (X, &, m) and let C and D be two subsets of  A of positive measure. It follows 

that there exists a transformation Vin the group generated by 9-  such that VC n D 

has positive measure. This implies that R"C n D has positive measure for some 

integer n and completes the proof  of  part  (b). 

To show part (c) we let the measure It ~ m on (X, ~ )  be invariant for Y .  Let 

x e X ,  then x = (y, n) where y ~ A and n E Z. Since/~ defined by/~(y, n) = (Ry,n) 

belongs to ~-- it follows that # is an invariant measure f o r / ~ .  This implies that 

the restriction of # on (A, &a) is equivalent to m and is invariant for R ~ fr 

Conversely, let It ~ m on (A, ~ a )  be an invariant measure for R .  We extend 

# to ( X , ~ ) ,  denote it by the same letter p ,  and define it as follows: let B ~ ~ ,  

then B = U , ~ z B , ( d i s j ) w h e r e  B, = B A S-"A  for n~  Z. We let It(B) = 

]~,  ~ zit(S"B,). It is clear that p .-~ m and is invariant for both S and /~  on (X, ~) .  

I f  T ' e  Y then T '  = / ~ S '  for some S ' ~  IS ] .  It  follows that # is also invariant 

for T '  on (X, ~ ) ,  and this completes the proof  of  the theorem. 

REMARK 1. It  is clear from the proof  of  part (c) of  Theorem 2 that in case 

It ~ m on (A, ~ a )  is an invariant measure for R ,  then the extended measure 

# ~ m on (X, ~ )  is an invariant measure for any T '  ~ J "  and also for any S '  ~ IS] ;  

in particular, for every S-section C c X we have It(C) = It(A). 

LEMMA 11. Let ( A , ~ a , m )  be a measure space, and let R ~f~(A) be a trans- 

formation for which there does not exist a finite invariant measure v ..~ m on 

(A,Y)a). Let the measure space ( X , ~ , m ) ,  the transformation S~  ~ ( X ) ,  and 

the collection of transformations J-  be constructed as in Example 4. Let It ~ m 

on ( X , ~ )  be an invariant measure for some T ~ 3 " ,  then there exists an S-sec- 

tion C c X  with It(C) = ~ .  



110 A. HAJIAN ET AL. Israel J. Math., 

PROOF. Since R does not preserve a finite invar iant  measure  v .-, m it tbllows 

f rom [6, Th. 1] that  R admits  a weakly wandering set W c A.  In  other words,  

there exists a set W c A  with re(W)> 0 and A ~  U "' ,~ NR W (disj) for  some 

sequence of  integers {nil i~  N} .  Let  It ~ m on ( X , 8 )  be an invariant  measure  

fo rsorne  T ~ Y ' .  We let B A -  U "' ' = = ,~NR W, then it is clear that  C B U  

IJ iEN T" 'Wis  an S-section and p(C) > ~] "' . = x<=i<~it(T W ) =  ~ This completes 

the p r o o f  o f  the lemma.  

THEOREM 3. Let (A, ha ,  m) be a measure space, and let R ~ g(A) .  Let the 

measure space (X, Y3, m), the transformation S e ~ ( X ) ,  a n d  the collection of 

transformations J"  be constructed as in Example 4. Let ~1[ = the set of all 

measures It ,,~ m on ( X , 8 )  such that It is an invariant measure for some T e  3-. 

Then 

(a) R ~ g1(A) implies for any It~..r there exists an S-section C c X with 

It(C) < oo ; 

(b) R e811(A ) implies for any It~.//g there exists an S-section C c X  with 

~(c) = oo; 

(c) R egIH(A)  implies for any It ~./g, for any real number c > O, and for  

c = oo there exists an S-section C c X  with It(C) = c. 

PROOF. Let  R ~ g l ( A ) ,  and let # ~ m on (X, 8 )  be an invar iant  measure  for  

some T a  J ' .  Le t  It' .,, m on (A, &,4) be  the invar iant  measure  for R with It ' (A) = t ,  

and let B be a subset o f  A with 0 < It(B) < oo. Then there exist a posit ive integer 

n and a subset B 1 of  B with It '(B 1) = 1In. I t  follows that  there exist subsets 

B2,B3, . . . ,B"  of  A such that  A = [.J l~f_<,B~(disj) and It '(B i) = l[n for  1 < i < n. 

F r o m  the corol lary to Theorem 5 follows that  B ~ ~ B ~ by R for  1 < i < n .  In 

other  words, for  each i = 1, 2 , . . . ,  n there exist a decomposi t ion  of  B ~ -- [..J j ~.rB~,~ 

(disj) and a sequence o f  integers {n t , j J j eN}  such that  B i =  [.Jj~NR""~B,,j  

(disj) for 1 < i < n ,  where nt ,  i = 0  for  j e N .  I t  is clear that  C =  

I..J a__<~, [-J j~N T""~B~,j(disj) is an S-section. F r o m  the fact tha t  It is an invar iant  

measure  for T w e  have It(C) = nIt(B x) < nIt(B) < oo, and this proves par t  (a). 

Par t  (b) follows f rom L e m m a  11. 

To  prove  par t  (c) we let It ,-. m on (X, ~ )  be an invar iant  measure  for  some 

T e  5 r .  F r o m  L e m m a  11 follows that  there exists an S-section A '  with It(A') = oo. 

Finally,  we let c > 0 be a posit ive number .  We let B be a subset o f  A '  with #(B) = c/2, 

and let D = A ' - B .  Since A '  and A are bo th  S-sections, by L e m m a  9 there 

exists a t rans format ion  S I c  IS ]  such tha t  S1A = A ' .  I t  follows tha t  
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R 1 = S1RS[ I~o~nI (A ' ) ,  and since It(B) > 0 and It(D) > 0 it follows from Lem- 

ma 6 that B ~  D by R1; in other words, there exist a decomposition of 
B =  [-Ji~NBi(disj) and a sequence of integers ( n i l i ~ N }  such that 

D = [_J ~NR~'B,(disj). It is clear that C = B w [-J ~NT"'Bi(disj) is an S-sec- 

tion, and from the fact that # is an invariant measure for T it follows that 

p(C) = 2#(B) = c. This proves part (c) and completes the proof of the theorem. 

COROLLARY. Under the same hypotheses as in Theorem 3, we have 

(a) R ~ e I ( A  ) i f  and only if  there exists a measure i t~ . /g  such that every 

S-section C c X has finite It measure; 

(b) R E ~1I(A) if  and only i f  there exists a measure # ~ d/[ such that every 

S-section C c X has infinite # measure; 

(c) R r  i f  and only i f  for  every measure # ~ . / g ,  for  every positive 

number c > O, and for  c = oo there exists an S-section C c X with It(C) = c. 

PROOF. Part (a) follows from Lemma 11 and Remark 1. Part (b) follows from 

parts (a) and (c) of Theorem 3 and Remark 1. Part (c) follows from part (c) of 

Theorem 3 and parts (a) and (b) above; and this completes the proof of the 

corollary. 

THEOREM 4. Let (A,~a ,m)  be a measure space, and R e  ~ i l l (A) .  Let the 

measure space ( X , ~ , m ) ,  the transformation S ~ ( X ) ,  and the collection of 

transformations f be constructed as in Example  4. Then 

(a) J "  does not contain any transformation T~ ~L(X); 

(b) i f  3-  contains a transformation T ~ I I ( X )  then [R] contains a trans- 

formation Ve ~(A) such that V preserves a measure It ,,. m on (A,~a);  

(c) i f  [R] contains a tranformation V e g ( A )  which preserves a measure 

It ,~ m on (A, NA) and such that ItR is piecewise linear with respect to It, then 3- 

contains a transformation T e  g i z (X) .  

PROOF. Part (a) follows from Lemma 11. 

To prove part (b) we let T e J  such that T e r  and we let It ,,, m be an 

invariant measure for T on (X, ~ ) .  For y e A = (A, 0) let Toy = T~y where 

n = n(y) is the smallest positive integer such that T~y e A .  If  we denote To by 

V on (A, ~ ,  m) then it is clear that V e g(A) ,  Ve JR], and V preserves the measure 

# ~ m on (A,~A). This proves part (b). 

To prove part (c) we let # ~ m be an invariant measure for some ergodic 

transformation V e [R] on (A, NA), and such that ItR is piecewise linear with 
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respect to It. We let A = U ~AA,(disj) where A = { 0 t e R l p ( A ~ ) > 0  } and 

A n = (y ~Al(d(pR)/dlO(y  ) = ~} for ~E R. Since A = A(#) = the group gen- 

erated by A is countable, we enumerate the elements of  A by Z and denote it 

by A =  { 6 , ] n ~ Z }  where 6 o = 1. For  x = ( y , n ) ~ X  where y ~ A  and nE Z 

we let T(y, n) = (Ry, j )  where (d(pR)/dp)(y) = 6k and 6.6k = 6j ~ A. It follows 

that T~  5 .  Next we extend to (X, &) the measure It ~ m on (A, g a ) ,  denote 

it by the same letter p ,  and define it by It[(B, n)] = 6,-I#(B) for B = A and 

n E Z .  It follows that It ,,, m on (X, ~ ) .  Let (B, n ) c  (A, n) where B c A and 

n E Z ,  then ( B , n ) =  U kez(Bk, n) where B k = {y~B[(d( l~R)/di t ) (y)= 6k} for 

k E Z .  We then have It[T(Bk, n)] = It[(RBk,j) ] where 6j = 6,6k; but It[(RBk,j) ] 

= 6~lit(gBk) = 6~6kit(Bk) = 61111(Bk) = #[(Bk, n)]. This shows that # is an 

invariant measure for T on ( X , ~ ) .  Finally, we show that T e g ( X ) .  For 

y 6 A = (A, 0) we let Toy = T"y where n = n(y) is the smallest positive integer 

such that T"y ~ A .  We note from Lemma 8 that for almost all y ~ A such a posi- 

tive integer n exists. Moreover, T O ~ [R] and [To] = {Q ~ [R] IpQ = It}. Since 

Ve [R] is ergodic and preserves the measure It ~ m on (A, ~a)  it follows that 

To ~ g(A). Similarly, for k ~ Z and (y, k) ~ (A, k) if we let Tk(y, k) = T"(y, k) 

where n = n[(y, k)] > 0 is the smallest positive integer such that T"(y, k) ~ (A, k), 

then 

(12) Tk ~ d"[(A, k)] for k ~ Z .  

It  is then easy to see from (12) and Lemma 8 that TE g(X) ,  and this completes 

the proof  of  the theorem. 

COROLLARY. Let (A,&a, m) be a measure space and let R ~ 8 tH(A) .  Suppose 

there exists an er#odic transformation VE [R] which preserves a measure 

# ,,, m on (A,&.4) and such that #R is piecewise linear with respect to It. Let 

the measure v ~ m on (A ,~a )  be piecewise linear with respect to # .  Then vR 

is ptecewtse linear with respect to v, A(it) c A(v), and there exists an eroodic 

transformation U ~ [R] which preserves v i f  and only if A(it) = A(v). 

PROOF. For  almost all y ~ A we have 

d(vR) , I.y) = ~-(Ry)l~ . d(itR)~dit (y ) . d~(y); 

and since the measures v, ItR, and # are piecewise linear with respect to the 

measures It, It, and v, respectively, it follows that vR is piecewise linear with 

respect to v. 



Vol. 18, 1974 ORBITS AND SECTIONS 113 

Since v is piecewise linear with respect to p ,  there exists a positive real number 

~ R such that B, = {y eA[(dv/dla)(y) = ~-1} has positive measure. From the 

ergodicity of the transformation V ~ I-R] it follows that for almost all y ~ A there 

exists a positive integer n ~ N such that V"y E B~,. We also have 

(13) d(v V") _~ d(ff V") (y) . _d_~v (y) . d-------~-(y) = ( V"y) �9 dlt 

Since V"y ~ B,, V preserves the measure # ~ m on (A, &a),  and (d(vV")/dv)(y) 
A(v) we conclude from (13) that there exists a positive real number ct E R such 

that 

dv 
(14) ~-~(y)~A(v)  for all y e A .  

For fl ~ A(10, then from (14) it follows that 

d(l~R n) ( y ) =  [ ] d v ,  - l .d (vR , ) .  tY)" ~ ( Y )  
(15) / ~ -  d# [~--~(R y)] A(v) 

for some y e A and n e N, and this shows that A(#) ~ A(v). 

Next we suppose that A(#) = A(v). We enumerate A(#) by Z ,  and construct 

the measure space (X, N,p),  the collection of transformations J ' ,  the transfor- 

mation S e ~ (X) ,  and the ergodic transformation T e J "  which preserves the 

measure/~ as described in the proof  of part (c) of  Theorem 4. For  x e X where 

x = (y, n) e (A, n) we let P(y, n) = (y,j) where b [  tb k = 6 [  1, ~(dv/dp)(y) = bke A(/t), 

and e > 0 is the constant defined in (14). It follows then that P s [S], the trans- 

formation T' = P-  1TP e J' ,  T'  e 8(X),  and the transformation T '  preserves 

the measure /~P,~/~ on (X,&) .  For  the S-section A = (A,0) we have 

A = U j~zCj(disj) where C i = {(y,O)e(a,o)lP(y,O ) = (y,j)} for j e Z .  We 

also have (I~P)(C i) = p(PCj)= 6]-1#(Cj) where 6 j - 1 =  o~(dv/d#)(y) for j e Z 

and y e A. It follows that /tP = ev on (A, Na)- Therefore, the induced trans- 

formation U on the set A by T '  defined via the first return time to A under T" 

is ergodic and preserves the measure ev ~ # on (A, Na) ,  and since e > 0 is a con- 

stant, U also preserves the measure v ~ # on (A, &a). 

Conversely, suppose that the measure v is piecewise linear with respect to # 

and that there exists an ergodic transformation U E [R] such that U preserves 

v ~/2 on (A, Na)- We already have that A(/l) c A(v). Interchanging the roles of  

# and v in (15) we conclude that A(v) c A(#) also, and this completes the proof  

of  the corollary. 
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REMARK 2. From the work of W. Krieger [8], [9] on the weak equivalence 

of transformations the following result seems to hold. Let (A, ~a,  m) be a measure 

space and let R E ~xH(A). Suppose that there exists an ergodic V s [R] such 

that V preserves v ~ m on (A, &a). Then, according to the terminology used in 

[8], there exists a measure # ~ m on (A, ~a)  such that R contains the measure 

#; in other words, the measure #R ~ m on (A, ~A) is piecewise linear with respect 

to # and ,~'(#) = {Q ~ [R-] [#Q = #} is ergodic. It is desirable to obtain a direct 

proof of this result without making use of the heavy machinery used in [8] and [9]. 

Finally, combining this fact with parts (b) and (c) of Theorem 4 and making use 

of Lemma 7 and the corollary to Theorem 1 it is possible to obtain the following 

sharper result replacing parts (b) and (c) of Theorem 4: 

(b') F contains a transformation T s ~'tI(X) if and only if [R] contains a 

transformation V e r  
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